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Abstract
We derive decay rates for the energies of solutions of one-dimensional wave equations with Dirichlet boundary control. The
method of proof combines multiplier techniques and the Lyapunov method.
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1. Introduction
The stabilization of systems modelled by the wave equations has been studied by many authors(e.g., [1–3,5–7,
9–11]). The present work is motivated by Xie and Guo [13] where the following one-dimensional wave equation has
been discussed:wt t (x, t)− wxx (x, t) = 0, 0 < x < 1, t > 0,w(0, t) = 0,
w(1, t) = u(t).
(1.1)
They first transformed (1.1) into a regular linear system in the sense of Weiss [12]. More precisely, let X = L2(0, 1),
A = − d2
dx2
, D(A) = H2(0, 1) ∩ H10 (0, 1); then (1.1) can be rewritten in the following form:
wt t (·, t)+ Aw(·, t)+ Bu(t) = 0, (1.2)
where Bu = −uAx ∈ [D(A 12 )]′. Furthermore, by introducing the following output:
y(t) = B∗wt , (1.3)
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they proved that (1.2) and (1.3) can be transformed into a regular linear system. Moreover, they obtained
B∗ f = −
∫ 1
0
x f (x)dx, ∀ f ∈ D(A 12 ).
In addition, under the feedback control u(t) = ky(t), here k > 0 and k 6= 1, using the Riesz basis approach they
proved that the system
wt t (x, t)− wxx (x, t) = 0, 0 < x < 1, t > 0,
w(0, t) = 0,
w(1, t) = −k
∫ 1
0
xwt (x, t)dx
(1.4)
is exponentially stable. Recently, using the contradiction argument, Liu and Huang [8] have proved that the system
(1.4) is exponentially stable. Their result allows the case k = 1.
The aim of this work is to obtain an explicit decay rate for the energies of solutions of (1.4). More precisely, we
define the energy of the solution of (1.4) as follows:
E(t) = 1
2
[‖w(t)‖2X + ‖A−
1
2wt (t)‖2X ]. (1.5)
Then, using multiplier techniques that include the Lyapunov method, we obtain two constants M = M(k), ω =
ω(k) > 0 such that
E(t) ≤ Me−ωt E(0), ∀t ≥ 0.
2. Abstract formulation and main results
We will consider system (1.4) as an abstract evolution equation in a certain Hilbert space, for which we introduce
some definitions and notation. First, we introduce the following Hilbert space:
H = X × H−1(0, 1)
equipped with the norm
‖(w, v)‖H = [‖w‖2X + ‖v‖2H−1(0,1)]
1
2
= [‖w‖2X + ‖A−
1
2 v‖2X ]
1
2 , ∀(w, v) ∈ H.
Then, we define the linear operator A on H as follows:
A(w, v) = (v,wxx ), ∀(w, v) ∈ D(A), (2.1)
where D(A) := {(w, v) ∈ H ; (v,wxx ) ∈ H |w(0) = 0, w(1) = −k
∫ 1
0 xv(x)dx}.
Hence, we can rewrite system (1.4) in the following abstract form:{dz
dt
(t) = Az(t), t ≥ 0,
z(t) = (w(t), wt (t)), z(0) = z0 ∈ H.
From [4], we know that A generates a C0 contraction semigroup (T (t))t≥0 on H , 0 ∈ ρ(A) (the resolvent of A), and
A−1 is compact.
Our main result is as follows:
Theorem 2.1. The C0-semigroup (T (t))t≥0 is exponentially stable, i.e., there exist positive constants M = M(k) and
ω = ω(k) such that
E(t) ≤ Me−ωt E(0), ∀t ≥ 0,
where M = ( 12k + 1+α2 k − 1)−1( 12k + 1+α2 k + 1) and ω = −( 12k + 1+α2 k − 1)−1(1− 13α ); here α > 13 is an arbitrary
constant.
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Proof. In fact, a direct computation gives
A−1 f = −
∫ x
0
∫ y
0
f (τ )dτdy + x
∫ 1
0
∫ y
0
f (τ )dτdy, ∀ f ∈ L2(0, 1), (2.2)
and consequently,
A−1wxx = −w + xw(1, t). (2.3)
From (2.3), we have
dE(t)
dt
=
∫ 1
0
ww¯tdx +
∫ 1
0
A−1wt t w¯tdx = −k
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
. (2.4)
This means that
E(T )− E(0) = −k
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt, ∀ T > 0. (2.5)
Furthermore, using (2.2), we obtain
∂
∂x
(A−1 f ) = −
∫ x
0
f (τ )dτ +
∫ 1
0
∫ y
0
f (τ )dτdy
= −
∫ x
0
f (τ )dτ +
∫ 1
0
(1− τ) f (τ )dτ
=
∫ 1
x
f (τ )dτ −
∫ 1
0
τ f (τ )dτ. (2.6)
Therefore,
∂
∂x
(A−1 f )|x=1 = −
∫ 1
0
τ f (τ )dτ. (2.7)
In addition, for v ∈ H−1(0, 1) ∩ L2(0, 1), we have
‖v‖2H−1(0,1) =
∫ 1
0
(A−1v)v¯dx
= −
∫ 1
0
(A−1v) ∂
2
∂x2
A−1v¯dx
=
∫ 1
0
∣∣∣∣ ∂∂x A−1v
∣∣∣∣2 dx . (2.8)
On the other hand, let w(x, t) be the mild solution of system (1.4); we have
wt t − wxx = 0 in H−1(0, 1)
A−1(wt t − wxx ) = 0, in H1(0, 1)
∂
∂x
A−1(wt t − wxx ) = 0 in L2(0, 1).
(2.9)
It follows from (2.9) that, for ∀ T > 0,
0 = Re
[∫ T
0
∫ 1
0
∂
∂x
A−1(wt t − wxx )xw¯dxdt
]
= Re
[∫ T
0
∫ 1
0
∂
∂t
(
∂
∂x
A−1wt
)
xw¯dxdt −
∫ T
0
∫ 1
0
(
−∂w
∂x
+ w(1, t)
)
xw¯dxdt
]
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=
∫ 1
0
∂
∂x
A−1wt xw¯dx |T0 −Re
[∫ T
0
∫ 1
0
∂
∂x
A−1wt xw¯tdxdt
]
+
∫ T
0
∫ 1
0
1
2
x
∂
∂x
|w|2dxdt + Re
[∫ T
0
∫ 1
0
kxwtdx
∫ 1
0
xw¯dxdt
]
. (2.10)
In addition, we have
−Re
[∫ T
0
∫ 1
0
∂
∂x
A−1wt xw¯tdxdt
]
=
∫ T
0
∫ 1
0
1
2
x
∂
∂x
∣∣∣∣ ∂∂x A−1wt
∣∣∣∣2 dxdt
= 1
2
∫ T
0
∣∣∣∣ ∂∂x A−1wt (1, t)
∣∣∣∣2 dt − 12
∫ T
0
∫ 1
0
∣∣∣∣ ∂∂x A−1wt
∣∣∣∣2 dxdt (2.11)
and ∫ T
0
∫ 1
0
1
2
x
∂
∂x
|w|2dxdt =
∫ T
0
1
2
|w(1, t)|2dt − 1
2
∫ T
0
∫ 1
0
|w|2dxdt
= k
2
2
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt − 1
2
∫ T
0
∫ 1
0
|w|2dxdt. (2.12)
Combining (2.7), (2.10) and (2.11) with (2.12) yields
1
2
(1+ k2)
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt =
∫ T
0
E(t)dt − Re
[∫ 1
0
∂
∂x
A−1wt xw¯dx |T0
]
−Re
[
k
∫ T
0
(∫ 1
0
xwtdx
∫ 1
0
xw¯dx
)
dt
]
. (2.13)
Since
−Re
∫ 1
0
∂
∂x
A−1wt (τ, x)xw(τ, x)dx ≥ −
∫ 1
0
∣∣∣∣ ∂∂x A−1wt
∣∣∣∣ |w|dx
≥ −
∥∥∥∥ ∂∂x A−1wt
∥∥∥∥
L2(0,1)
‖w‖2L2(0,1)
≥ −1
2
[
‖w‖2L2(0,1) +
∥∥∥∥ ∂∂x A−1wt
∥∥∥∥2
L2(0,1)
]
= −E(τ ), τ > 0,
we have
−Re
∫ 1
0
∂
∂x
A−1wt xw¯dx |T0 ≥ −E(T )− E(0). (2.14)
Moreover, applying the Young inequality, we obtain
−Re
[
k
∫ T
0
(∫ 1
0
xwtdx
∫ 1
0
xw¯dx
)
dt
]
≥ −k
∫ T
0
α
1
2
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣ ‖w‖L2(0,1)√3 α 12 dt
≥ −αk
2
2
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt − 1
6α
∫ T
0
‖w‖2dt
≥ −αk
2
2
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt − 1
3α
∫ T
0
E(t)dt, α >
1
3
. (2.15)
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Combining (2.13) and (2.14) with (2.15) yields
1
2
(
1
k
+ (1+ α)k
)
k
∫ T
0
∣∣∣∣∣
∫ 1
0
xwtdx
∣∣∣∣∣
2
dt ≥
(
1− 1
3α
)∫ T
0
E(t)dt − E(T )− E(0). (2.16)
From (2.5) and (2.16), we have(
1
2k
+ 1+ α
2
k
)
(E(0)− E(T )) ≥
(
1− 1
3α
)∫ T
0
E(t)dt − E(T )− E(0). (2.17)
Rearranging (2.17) gives(
1
2k
+ 1+ α
2
k − 1
)
E(T ) ≤
(
1
2k
+ 1+ α
2
k + 1
)
E(0)−
(
1− 1
3α
)∫ T
0
E(t)dt,
and
E(T ) ≤
(
1
2k
+ 1+ α
2
k − 1
)−1 ( 1
2k
+ 1+ α
2
k + 1
)
E(0)
−
(
1
2k
+ 1+ α
2
k − 1
)−1 (
1− 1
3α
)∫ T
0
E(t)dt. (2.18)
Applying the Gronwall inequality to (2.18), we have
E(T ) ≤
(
1
2k
+ 1+ α
2
k − 1
)−1 ( 1
2k
+ 1+ α
2
k + 1
)
e
−
(
1
2k+ 1+α2 k−1
)−1(
1− 13α
)
T
E(0),
∀T ≥ 0, α > 1
3
. (2.19)
Taking M = ( 12k + 1+α2 k− 1)−1( 12k + 1+α2 k+ 1) and ω = −( 12k + 1+α2 k− 1)−1(1− 13α ), we prove the theorem. 
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